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Traditionally, high strength lightweight materials are created from mechanically rigid structures
with a combination of compressive and tensile forces. By contrast, purely compressive materials
such as sand and gravel do not typically offer a high strength to weight ratio. By considering
sphere packings in which all forces are compressive, we determine the limits on creating low density
rigid systems. An Apollonian sphere packing proves that a rigid packing can completely fill space,
but what is the lowest density a stable packing can achieve? The previously known lowest density
packings are constructed by diluting simple crystals. We present a new construction based on rigid
quasi-one dimensional structures. These constructions can be used to create rigid packings with
densities arbitrarily close to zero. We demonstrate the rigidity of these low density packings using
new procedures and we explore the properties of these configurations to gain a deeper understanding
of the limits of rigidity in repulsive systems. Such constructions not only lay an old puzzle to rest,
but enable the development of new lightweight materials.
In a world so inundated by waste, there is a need for
materials with high structural integrity and low density.
This leads us naturally to question the limits of rigid-
ity in purely repulsive systems. There exist mechanically
rigid packings with a density arbitrarily close to unity,
such as the Apollonian gasket [1, 2]. We wish to find
the foil to such a packing, that is, one with the small-
est possible packing fraction that remains mechanically
stable. As Dionysus is the nadir to the zenith that is
Apollo [3], we refer to the sparsest possible mechanically
stable packings as Dionysian packings. We present in this
manuscript a construction for a Dionysian packing which
has vanishingly low density in two and three dimensions.
Rigidity [4] describes a state in which no motion is pos-
sible. In the context of sphere packings, this is referred
to as strictly jammed [5–9]. A strictly jammed packing is
resistant to all possible volume preserving deformations
of the particles and boundaries.
Demonstrating that a packing is mechanically stable
has been done in other research endeavors using a linear
programming algorithm [6–8]. A linear programming ap-
proach relies on introducing random loads which permit
false positive results. We instead introduce a new tech-
nique that directly performs a constrained second deriva-
tive test on the network formed by kissing circles and
spheres.
Finding a Dionysian packing is strongly related to the
question of finding the jamming threshold of sphere pack-
ings for which tunneled crystals were invented [8, 9].
However, while that question deals strictly with monodis-
perse configurations, we show that lower density packings
can be found by expanding the search space to include
polydispersity.
The method we employ is inspired by the construction
of the Bo¨ro¨czky bridge packing [10, 11] for which locally
stable bridges of circles can be constructed with arbitrary
length. These bridges lead to packings with asymptoti-
cally zero density, but only satisfy the very weakest defi-
nition of stability, locally stable or locally jammed [5–11].
Following the spirit of the Bo¨ro¨czky bridge packing and
allowing for the radii of the spheres to be additional de-
grees of freedom, we achieve Dionysian packings subject
to periodic boundary conditions at arbitrarily low densi-
ties. This astounding result demonstrates that the lower
density bound for mechanically stable, repulsive circle
and sphere packings is precisely zero.
To determine if a packing is strictly jammed, we model
it as a spring network in which spheres interact through a
harmonic contact potential in their overlaps. We examine
whether or not the spring network represents a minimum
with respect to position degrees of freedom, x, as well
as symmetric affine, volume-preserving strain degrees of
freedom, ε [7, 12] where the potential is
U =
1
4
∑
i
∑
j 6=i
ξ2ij (1)
and ξij is the normalized overlap between spheres i and
j.
We require force balance on the position degrees of
freedom
Fαi = −
∂U
∂xαi
=
∑
k∈∂i
(
ξikn
α
ik
ri + rk
)
= 0 (2)
where nαik is the α-component of the normalized contact
vector pointing from particle k to particle i and ri is the
radius of sphere i. Forces on our strain degrees of freedom
are defined as
− ∂U
∂εαβ
=
1
4
∑
i
∑
j∈∂i
ξij
ri + rj
(
nαijx
β
ij + n
β
ijx
α
ij
)
(3)
for spheres i and j in Cartesian directions α and β where
εαβ is the strain degree of freedom and xαij is the contact
vector which is not normalized. These forces are subject
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2to the volume-preserving constraint, Tr (ε) = 0 [7] so that
force balance is achieved when
− ∂U
∂εαβ
∣∣∣∣
Tr (ε)=0
= − ∂U
∂εαβ
+
δαβ
d
d∑
γ=1
∂U
∂εγγ
= 0. (4)
Because this derivative is proportional to overlap, it
is trivially zero for any packing where overlaps do not
occur. To ensure that these packings are at a critical
point due to a balancing of strain degrees of freedom, we
evaluate the derivative with infinitesimal overlap.
If a packing represents a critical point in the space of
positions and strains, we look to the curvature of the
energy to determine if this is a stable minimum. To ac-
complish this, we perform a constrained second derivative
test on the Hessian encompassing all position and strain
degrees of freedom
H =
(
Hxx Hεx
HTεx Hεε
)
(5)
where Hxx is the matrix of second derivatives with re-
spect to spatial degrees of freedom [13], Hεε is the ma-
trix with respect to strain degrees of freedom, and Hεx
is the matrix of mixed derivatives. To perform the sec-
ond derivative test, we construct the bordered Hessian
where the borders encode the constraints that Tr(ε) = 0
and forbid trivial translations of the spheres [14]. The
bordered Hessian allows us to prove whether or not the
unstressed spring networks formed by a force-balanced
packing network represent minima [15].
We quantify the degree of stability by calculating the
bulk and shear moduli of our packing which are found
through the stiffness matrix [16]. We note that for the
hessian,
H
(
∆~x
~ε
)
=
(
−~F
~σ
)
(6)
where ~σ is the stress. To find the stiffness matrix, we
solve for the non-affine perturbation ∆~xna that leaves
the spatial forces unchanged but imposes a stress:
H
(
∆~xna
~ε
)
=
(
~0
~σ
)
. (7)
Rearranging gives us C~ε = ~σ where the stiffness matrix
is
C =
[
Hεε −HTεx
(
H−1xx
)
Hεx
]
(8)
and H−1xx is the Moore-Penrose pseudoinverse [17] of the
singular Hxx.
We can now use the stiffness matrix to compute the
bulk and shear moduli in two and three dimensions [18,
19].
To explicitly satisfy the constraints for shear stabil-
ity and jamming, we focus on creating a packing which
is locally stable and has a high number of contacts per
particle, z, and then test for stability. As illustrated in
Figure 1, this is achieved by placing n circles labeled a,
on a strictly convex curve C such that they kiss their
neighbors. A new row of circles, b, are then placed below
so that each b circle kisses two a neighbors from above
and a b neighbor on each side. Finally, the centers of cir-
cles c are placed on a line of zero slope and constrained
to touch two b circles from below. This construction can
be duplicated and the appropriate symmetries can be ap-
plied such that a circle packing is formed without over-
lapping regions. For particular construction parameters,
this packing with the addition of circles filling the largest
void is a Dionysian packing.
In the limit of an infinitely large bridge, we find that
every a circle has four contacts, every b has six, and
every c has four. The number ratio of this packing
is a : b : c = 2 : 2 : 1. This means that there are
z = (2× 4 + 2× 6 + 4) /5 = 4 45 contacts per particle in
two dimensions, which is larger than is required by the
Maxwell rule for shear stable and jammed systems [20].
For the Bo¨ro¨czky locally jammed packing [10, 11], the
two dimensional version can be used to create a locally
jammed packing in any dimension by elevating the cir-
cles to spheres of the desired dimension and stacking the
result. Such a trivial procedure will not work to extend
the Dionysian construction because it results in struc-
tures which are not convex and so are subject to zero
energy modes. To create a three dimensional Dionysian
packing, we construct a set of three bridges in three di-
mensions and combine them as shown in Figure 1. A
three dimensional bridge is constructed very similarly to
the two dimensional bridge and exploits the symmetries
of three dimensional space. Rather than the a and b
spheres having symmetric pairs that lie on the same line,
the three dimensional version has a and b spheres that
come in sets of four forming squares that are 45 degrees
out of phase.
In the limit of an infinitely large bridge, we find that
every a circle has six contacts, every b has eight, and
every c has eight. The number ratio for these spheres
is a : b : c = 4 : 4 : 1. This means that there are
z = (4× 6 + 4× 8 + 8) /9 = 7 19 contacts per particle in
three dimensions, which is larger than is required by the
Maxwell rule for shear stable and jammed systems [20].
Not all convex curves C result in viable packings; some
choices of C result in overlapping of spheres in the limit
as n approaches infinity. While infinitely many viable
choices of C are possible, for reasons of numerical explo-
ration we choose curves that fit the form
f(x) =
(f0 − h∞)2
(f0 − h∞)− xδ + h∞ (9)
where f0 is the height of the curve at x = 0, δ is the
slope of the curve at x = 0, and h∞ = limx→∞ f(x). The
values used in this manuscript are different between the
two and three dimensional versions. (See supplementary
materials.)
3a
b
c
Figure 1. Left. I) A row of n = 5 circles a (red) lie on a strictly convex curve C such that each circle kisses its neighbors.
II) A row of n = 5 circles b (green) are placed such that they kiss two circles a from above and a circle b on either side. The
rightmost b circle is constrained such that its center lies on the vertical line tangent to the rightmost a circle. III) A row of
n− 1 = 4 circles c (blue) lie on a horizontal line and kiss two b circles above. IV) A bridge is formed by reflecting the circles
about the dotted lines of symmetry. Two bridges are combined and their centers are filled as shown (gray). The resulting
packing, which is jammed and shear stable, has a very low density and in the limit as n → ∞ is a Dionysian packing. The
quadrants of this figure are separated by a Dionysian packing with n = 100 (N = 1996).
Right. A three dimensional mechanically stable packing at arbitrarily low densities. Such a construction contains the same
three types of spheres as in the two dimensional analog but with additional symmetries and a novel set of spheres filling the
void region (gray). The three dimensional Dionysian packing has a much narrower set of convex curves C for which overlaps
do not occur. This results a much more subtle curvature of the a spheres which cannot be seen in this figure.
For these parameters, we can track the smallest dis-
tance, w, between the b spheres and their images under
the reflective symmetry as seen in Figure 2. From this
figure, we see a very clear power law and conclude that
in the limit of infinitely large bridges, no unwanted con-
tacts are created. This means that regardless of the value
of n we choose, there are no overlaps for our Dionysian
packing subject to the chosen curves C.
Using the aformentioned constrained second derivative
test [15] on our Dionysian packings, we find that they are
both jammed and shear stable for every n studied up to
n = 424 (N = 8476) with packing fraction 0.007959 in
two dimensions and n = 85 (N = 4569) with packing
fraction 0.0004565 in three dimensions. For additional
context, note that the quadrants in figure 1 are separated
by a Dionysian packing with n = 100 (N = 1996).
In addition to demonstrating jamming and shear sta-
bility, we quantify the level of stability by calculating
the shear and bulk moduli [18, 19] which can be seen in
Figure 3. We find that the shear modulus per particle
is always positive but approaches zero like a power law
of −2 for two and three dimensions. This indicates that
while the Dionysian packings remain mechanically stable
at arbitrarily low densities, they do become weaker as
one would expect.
To compare the mechanical properties of Dionysian
packings with other purely compressive solids, we com-
pare the properties of crystals and shear-stabilized
jammed packings with monodisperse radii in three di-
mensions and 25% polydispersity in two dimensions
drawn from a log-normal distribution. We generate shear
stabilized amorphous systems using a modified FIRE
algorithm [21] that performs a constrained minimiza-
tion with respect to both volume-preserving strains and
positions as implemented in the pyCudaPacking soft-
ware [13, 22, 23]. To generate systems at one state of
self stress with respect to positions and strains, we al-
ternate between minimizing the packings and uniformly
decreasing the packing fraction and by extension the sys-
tem pressure [24].
Figure 3 demonstrates that crystals, shear-stabilized
jammed systems, and Dionysian packings all have a bulk
modulus per particle that plateaus to a fixed value in the
limit of large N. However, the shear modulus per parti-
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Figure 2. A demonstration of the definition of a gap for a
circle (top right inset). The circles oscillate in size and are
separated into two categories labelled by squares and trian-
gles. The gap value for both square and triangular marked
spheres asymptotes in two and three dimensions (bottom left
inset). If we subtract the asymptotic values from the gaps,
we see that the gap sizes follow a power law of N−1 as they
reach their respective asymptotic values.
cle differs between all three. Crystals have a fixed shear
modulus per particle independent of N while in shear-
stabilized jammed systems it behaves like 1/N, and in
Dionysian systems it behaves like 1/N2. The power law
associated with the shear modulus for Dionysian packings
indicates that with increasing N, they become unstable
much more quickly than shear stabilized amorphous sys-
tems.
The trivial extension of our procedure to higher di-
mensions can be proven to not be viable due to unavoid-
able overlapping of spheres (see supplementary materi-
als). We conjecture that higher dimensional Dionysian
packings also have arbitrarily low densities, but demon-
strating this will require a novel construction.
Conclusions – We find that the lower and upper
bounds for mechanical stability are 0 and 1 respectively
in two and three dimensional hard sphere packings. In
addition to this solution and the extension of our under-
standing of the limits associated with the jamming energy
landscape, this discovery has implications for our fun-
damental understanding of mechanical stability. Where
Apollonian packings can be used to create structures
which fill space entirely, Dionysian packings can be used
to create structures that utilize very little material. We
prove that appreciably lighter weight materials can be
constructed and give a road map for building them. This
will lead to exotic materials with extremely high strength
to weight ratios that can be produced with very little ma-
terial waste.
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Figure 3. The bulk, K, and shear, G, moduli per sphere for
Dionysian packings as a function of the number of spheres, N.
The results are exact for the Dionysian packings and crystals.
For the amorphous systems, sufficiently many systems were
sampled to make the standard error bars smaller than the plot
markers. In the limit of large N, the bulk modulus per sphere
asymptotes to a positive value in two and three dimensions
for all of the systems. The shear modulus on the other hand
decreases like a power law with power −2 for the Dionysian
packings and like a power law with power −1 for amorphous
packings. This indicates, as expected, that the Dionysian
packings remain mechanically stable, but become less rigid
as density decreases. These data indicate that the Dionysian
packings become weaker with N much more strongly than
amorphous systems.
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I. CONSTRUCTING A DIONYSIAN PACKING IN TWO DIMENSIONS
To construct a Dionysian packing in two dimensions, we do the following:
1. Create a chain of n kissing circles labeled a1 − an which have unit radius and centers that lie on a convex
function f(x) given by equation 9 such that the coordinates of each circle are (x, f(x)). The values used can be
found in table I. If we give the bridges h∞ = 1 +
√
3, we end up with nice monodisperse crystalline structures at
infinity. However, because the radii of b circles oscillate between two values, these values of h∞ will eventually
cause overlapping to occur. To prevent this, we perturb these values by 0.05
2. Place a circle b1 of radius 1 that kisses a1 and a2
3. Place circle bm, where m ∈ [2, n− 1], such that it kisses am, am+1, and bm−1
4. Place circle bn such that it kisses an−1 and an and so that its center lies at anx+1 where anx is the x coordinate
of circle an
5. Place circle cm, where m ∈ [1, n− 1], such that it lies on y = 0 and kisses circles bm and bm+1
6. Reflect the ensemble of circles about the x axis
7. Reflect the ensemble of circles about the line normal to the x axis that passes through the center of bn
8. Generate two of these bridges and connect them such that they are mutually orthogonal and share circle a1
9. Contain the circle ensemble in a box of size 2anx + 2f(0) + 2. Due to periodic boundary conditions, some a1
circle copies will perfectly overlap and need to be removed
10. Place four identical circles inside the cavity between bridges such that each touches two copies of b1. Finally
place four identical circles in the gaps between two of the circles that were just placed and a copy of a1
II. CONSTRUCTING A DIONYSIAN PACKING IN THREE DIMENSIONS
The construction process is very similar in three dimensions, but with the following changes
1. The values for the curve are different and can be found in table I
2. The coordinates of a spheres have the form
(
ax, ay, 0
)
, the coordinates of b spheres have the form
(
bx, by, by
)
,
and the coordinates of c spheres have the form
(
cx, 0, 0
)
3. The a and b spheres each have three copies that are rotated 45 degrees about the x axis
4. The sphere ensemble is reflected about the plane perpendicular to the x axis that passes through the center of
bn
5. Three of these bridges are created and connected such that they are mutually orthogonal and share circle a1
6. The spheres in the central cavity are found in a different manner. Place eight identical spheres in the central
cavity such that they each kiss three a1 spheres. Finally place a single sphere in the very center of the packing
such that it touches all eight of these identical spheres
d f0 h∞ δ
2 2
√
3
(
1 +
√
3
)
+ 0.05 0.01
3
√
6
(
1 +
√
2
)
+ 0.025 0.01
Table I. The values we used to parameterize curve C for various dimensions d according to equation 9
For a visual representation of the construction in two dimensions, see FIG. 1.
7III. TRIVIAL EXTENSION TO HIGHER DIMENSIONS
We can prove that extending this construction to higher dimensions will not work. The generalized construction is
given by parameterizing the positions of the a spheres as
~am =
(
amx, amy, 0, 0, . . .
)
and ~bm =
(
bmx, bmy, bmy, bmy, . . .
)
for m ∈ [1, n]. The a spheres will each have 2(d− 1) copies given by(
amx,−amy, 0, 0, . . .
)
,
(
amx, 0, amy, 0, . . .
)
,
(
amx, 0,−amy, 0, . . .
)
,
(
amx, 0, 0, amy, 0, . . .
)
, . . .
and the b spheres will each have 2d−1 copies given by(
bmx,−bmy, bmy, bmy, . . .
)
,
(
bmx, bmy,−bmy, bmy, . . .
)
,
(
bmx,−bmy,−bmy, bmy, . . .
)
, . . .
We consider ~a1 =
(
0, ay, 0, . . .
)
with unit radius and ~b1 =
(
1, by, by, . . .
)
with radius br. If we enforce that these two
spheres kiss, we can solve for ay. We can then find that by has a maximum value of
b∗y =
√
br(br + 2)
(d− 2)(d− 1) .
Because b1 cannot overlap with one of it’s copies, by ≥ br. This means that
br ≤
√
br(br + 2)
(d− 2)(d− 1)
or for d > 2,
br ≤ 2
d2 − 3d+ 1 .
We also know that in steady state, the sum of the radii for bm and bm+1 will be 2. This means that setting bm to
have a radius less than 1 gives bm+1 a radius greater than 1. Therefore, if we substitute br = 1, we arrive at an upper
bound for d :
d ≤ 3 +
√
13
2
≈ 3.30278
which means that this construction does not extend to dimensions higher than three. We do conjecture that a different
construction procedure exists to generate Dionysian packings in higher dimensions.
IV. AMORPHOUS SHEAR STABILIZED SYSTEMS
We generate amorphous shear stabilized systems by finding the traceless forces on strain degrees of freedom as
given in equation 4 of the manuscript. We then use the FIRE algorithm on these strain degrees of freedom to
adjust the lattice vectors and apply an affine strain. Because Tr(ε) = 0 is just the linear approximation for volume
conservation, we also rescale the lattice vectors after each minimization step. Once a shear stabilized packing is found,
we alternate between minimizing the system and uniformly decreasing the radius of each particle in order to maintain
the polydispersity. After rattlers are removed and the system is at one state of self stress, we find the mechanical
properties.
